Abstract-The traditional data envelopment analysis (DEA) models treat a decision making unit (DMU) as a "black box", which is often criticized for not considering the inner production mechanism of a production system. The network DEA models developed to overcome this deficiency by considering the internal structure of a DMU have recently gained popularity. The inner data, however, are not generally available for real application purposes. This paper, on one hand, addresses the problem with the traditional DEA for not considering the inner structure and, on the other, with the network models for missing inner data in parallel production settings. Procedures built on managerial information of production processes, as characterized by the Pareto principle, are presented that consider the inner production mechanism as well as the data availability in a reliable way. Firstly, the production activities of a DMU are classified into a core business unit (CBU) and a non-core business unit (NCBU). Secondly, the internal information related to inputs/outputs is assumed to be available for the DMU under evaluation; whereas for the other DMUs, this data is generated by using the Pareto principle. In addition, the Monte Carlo method, also known as the parametric bootstrap, is applied to estimate the efficiency of the DMU. A numerical example illustrates the proposed method.
INTRODUCTION
The data envelopment analysis (DEA) is a mathematical programming technique that can be used to evaluate the relative efficiencies of a set of decision making units (DMUs) involving multiple input/output entities. The technique was originally introduced by Charnes et al. (1978) . In this pioneer paper, the authors constructed a nonlinear programming model, referred to as CCR model in literature, to evaluate the efficiency of an activity conducted by a non-profit organization.
As is known, the CCR model captures both technical and scale inefficiencies. Banker et al. (1984) proposed a new approach, which extended the CCR model by separating technical efficiency and scale efficiency. As a nonparametric technique, DEA doesn't require a priori information of production technology and it has been proven to be an excellent tool for evaluating DMUs (Zhu, 2000) .
Recently, the DEA technique has been widely applied to the public sector, such as schools and hospitals, and has also been adopted by a range of business industries. Chiu et al. (2010) , for instance, used it to evaluate hotels' performance, Hwang et al. (2010) used it to formulate stock trading strategies, and Zhou et al. (2008) used DEA technologies for measuring environmental performance, just to name a few.
The traditional DEA models treat a DMU under evaluation as a "black box". Consequently, it is difficult to provide the manager with specific information concerning the sources of inefficiency within that DMU. An understanding of the inner mechanism of a DMU is highly relevant to improving its efficiency. Studies on DMU with parallel structures are geared towards narrowing this gap. Included among these studies are Yang et al. (2000) , Kao (2009) , Castelli et al. (2004) . However, the use of parallel DEA model is often constrained for not having detailed inner data of other DMUs. This lack of data poses itself as a bottleneck for the application purposes. The current study aims at extending the applications of parallel models to DMUs by incorporating the Pareto principle in the process.
The Pareto principle, also known as 80/20 rule, is a well established empirical guideline initially suggested by Vilfredo Pareto (1971) . It says that 80% of the national wealth is owned by 20% of the population. Ever since its introduction, the principle has been found workable in many other scenarios and has earned credibility. Koch (2003) , for instance, points out that 80/20 rule is one of the ground rules in commercial fields. He further elaborates that 80% of returns, outputs, and outcomes, are derived from 20% of inputs, efforts and reasons. This rule has also been used extensively in the academic circles. Mizuno et al. (2008) studied the statistical properties of the expenditure per person in convenience stores. The results showed that 25% of the major customers accounted for 80% of the overall consumption.
In the current study, we propose to divide the production activities within a DMU into two subsets or units. The first unit is termed as the core business unit (CBU), which includes the main production functions of DMU; the second unit is referred to as the non-core business unit (NCBU). The Pareto principle implies that, as a rule of thumb, the CBU produces 80% of total outputs of a DMU, while consumes only 20% of total inputs. Though Pareto principle has only statistical significance, it can provide insight to address the issue of unavailability of data in many real situations. Differentiation between production functions allows construction of a general model guided by the Pareto principle. The model is then solved by using the Monte Carlo method. The proposed methodology indicates that it is feasible to open the "black box" to estimate the efficiency of DMU under evaluation, even if the internal data of other DMUs are missing or cannot be secured.
In what follows, the paper first presents a review of literature concerning the applications of bootstrap method in DEA in section 2. Some distinct properties of production possibility set (PPS) are presented in section 3.1. A special case, which satisfies 80/20 rule, is discussed in section 3.2 to explain the model. The model is then extended to a general evaluation model in section 3.3 by incorporating the Pareto distribution in which the efficiency can be simulated by Monte Carlo method. A numerical example is set forth in section 4 to illustrate the implementation of the model and demonstrate its applicability. Finally, the paper ends with conclusions in section 5.
BOOTSTRAP IN DEA
The bootstrap method, first introduced by Efron (1979) , is based on the idea of repeatedly simulating the data generating process (DGP), usually through re-sampling, and applying the original estimator to each simulated sample so that resulting estimates mimic the sampling distribution of the original estimator (Simar and Wilson, 1998) . Bootstrap can be classified into two kinds, namely, parametric bootstrap and nonparametric bootstrap. The parametric bootstrap is also well known as Monte Carlo. When the distribution of population is known, the Monte Carlo method can be used to make statistical inferences by sampling from the population. However, parametric bootstrap will not be applicable when the distribution of population is unknown. In that case, mimicking the sampling distribution of the original estimator by re-sampling is an alternative.
In recent years, many research studies involving parametric or nonparametric bootstrap method have concentrated on DEA issues. Most of these studies are application-oriented. Yu (1998) , for instance, used a Monte Carlo experiment to compare parametric and nonparametric approaches. By using simulated data, Ruggiero (1998) compared different approaches developed in the context of DEA. Similar works can be found in Syrj€ anen (2004) and Muũiz et al. (2006) .
In addition, the Monte Carlo studies and experimental designs related to DEA also extend to measuring the influence of random noise, number of replications, sensitivity analysis of the number of DMUs employed, examining the statistical performance of bootstrapping estimator, and so on.
Apart from the Monte Carlo method, recent developments in the bootstrapping techniques are mainly focused on avoiding bias in the estimation of efficiency scores and on assessing the uncertainty surrounding these estimates. Simar and Wilson (1998) introduced the bootstrap method to analyze the sensitivity of efficiency scores relative to the sampling variations of the estimated frontier. They also developed a consistent bootstrap estimation procedure for obtaining confidence intervals for Malmquist indices and their decompositions (Simar and Wilson, 1999) . In an effort to increase the accuracy of a frontier, Florens and Simar (2005) proposed a two-stage approach that provides parametric approximations of nonparametric frontiers by using the bootstrap technique. In addition, Staat (2002) applied some recently developed bootstrap techniques to derive bias-corrected efficiency scores for a model representing groups and hierarchies in DEA. Borger et al. (2008) explored a selection of recently proposed bootstrapping techniques to estimate non-parametric convex (DEA) cost frontiers and efficiency scores for transit firms. Essida et al. (2010) measured the efficiency of high schools in Tunisia. In their paper, they used a statistical DEA with quasi-fixed inputs in order to estimate the precision of the measures and to construct confidence intervals for efficiency measures. Curi et al. (2011) estimated technical efficiency of each of 18 Italian airports by means of a bootstrapped DEA model.
MODEL
It's reported that loyal consumers contribute significantly to a store's sales in Japan. The statistical law, governing the expenditure per person in convenience stores, conforms to Pareto principle in that country, where the top 2% and 25% of customers account for, respectively, 25% and 80% of the store's sales (Mizuno et al., 2008) . The work in this paper is partially motivated by the evaluation of the efficiencies of aforementioned stores. Obviously, the inner data of DMUs are unavailable or costly for the manager except that of the DMU under consideration. Consequently, the network DEA models are inapplicable if we want to evaluate the efficiencies of stores and estimate their production potential precisely, or, to find the inefficiency source within the unit. Moreover, the traditional DEA models tend to overestimate the efficiency of DMUo for not considering the inner production mechanism. Inspired by the above arguments, we propose to make full use of the managerial information in the evaluation model so as to estimate the production potential of the DMUo precisely with incomplete information.
Properties of PPS
Consider an organization conducting n homogeneous decision making units. Let DMU j ð j ¼ 1; . . . ; nÞ be a typical unit, which uses m inputs X ij ði ¼ 1; . . . ; mÞ, to produce s outputs Y rj ðr ¼ 1; . . . ; sÞ. In parallel DEA model, a general hypothesis is that there are P j parallel Sub DMUs (SDMUs) within DMU j . The typical sub unit SDMU j consumes m inputs, as allocated by the production unit, and it produces s outputs, which make up for the output of the unit. Thus, we obtain
According to value driver, as proposed earlier, the production activities within the DMU are classified into core and non-core business units, termed respectively as CBU and NCBU. It is assumed that the proportion of the outputs generated by CBU is relatively fixed in relation to the total outputs across all DMUs and is determined by the production activities in CBU and the homogenous assumption of DMUs. The structure of a DMU is shown in Figure 1 , below.
Based on the classification of sub-units, we assume that CBU of the system contributes 80% of the total outputs. Further, in view of the 80/20 principle, it is estimated that the inputs into CBU account for about 20% of the overall inputs. Accordingly, NCBU produces 20% of the total outputs, while consumes 80% of all inputs. There are some postulates related to the construction of theoretical PPS that need to be established so that we can evaluate the efficiency of DMUs and estimate the production potential.
Suppose, SDMU cj denotes CBU and SDMU ncj denotes NCBU within DMU j . Also, let T c represent the set of theoretical input/output combination of SDMU c ðX c ; ÀY c Þ. Similarly, T nc represents the set of SDMU nc and T is the theoretical input/ output combination set of DMU. The related postulates are as follows:
( It should be note that the theoretical PPS above is different from those associated with Castelli's single-level hierarchical structure model and Kao's parallel model (Castelli et al., 2004; Kao, 2009) . Postulate (2') in these two models, which is distinct from postulate (2) above, appears as follows:
(2') Constant Returns to Scale:
Obviously, we assume variable returns to scale (VRS) for SDMU.
Let's now investigate a more general case. Consider a production system that consists of several production lines. Each production line transforms the same set of inputs into the same set of outputs using a different technology and process. The production technology for each production line can be characterized by a PPS.
Pursuant to the VRS assumption, the PPS's of T 1 and T 2 are mathematically expressed as:
where, x ij ; y rj ði ¼ 1; . . . ; m; r ¼ 1; . . . ; sÞ are the ith input and the rth output of DMU j , respectively. The superscript, 1 or 2, attached to T indicates production technology. One can notice that
j ! 0 are convex conditions. Given the technologies, the production technology of the DMU as a whole, can then be constructed as follows:
It can be inferred from the definition of T that any input/ output combination ðx ij ; y rj Þði ¼ 1; . . . ; m; r ¼ 1; . . . ; sÞ is feasible if there are two feasible combinations ðx 1 ij ; y 1 rj Þ and ðx 2 ij ; y 2 rj Þ belonging to T 1 and T 2 , respectively, such that the sum of the inputs and outputs dominates ðx ij ; y rj Þ. To put it differently, the output bundle ðy 1j ; . . . ; y sj Þ is producible through DMU j , given the resource bundle ðx 1j ; . . . ; x mj Þ, if we are able to secure the output bundle by properly apportioning the input resources between technology T 1 and T 2 .
Now, in what follows, we formally derive the properties of PPS T: Property 1. T is a convex set. Proof. Suppose ðX 1 ; Y 1 Þ and ðX 2 ; Y 2 Þ belong to T. By definition, there are sets of multipliers l k1Ã j ; l k2Ã j with P n j¼1 l k1Ã j ¼ 1 and
For any convex multiplier a; b, we have
A Definition 1. Extended DMU set R: Assume there are n DMUs, each of which consists of two production lines ðSDMU 1j ; SDMU 2j ; j ¼ 1; . . . ; nÞ using production technologies T 1 and T 2 , respectively. We define a set of DMUs as R, which comprises of SDMU 1j , SDMU 2k , where, j; k ¼ 1; . . . ; n. Then, it is clear that R has n 2 units, which are denoted as DMU j ð j ¼ 1; . . . ; n 2 Þ. Definition 2. Let ðx ij ; y rj Þ denote the input and output bundle associated with set R within DMU j . The convex set T Ã is then defined as:
A The theorem above serves as a vehicle to study parallel production structures that follow the "black box" approach. As known, relevant properties of DEA models in "black box" context have been extensively explored in research studies; and the parallel production counterparts can be easily deduced through Theorem 1.
Special case
In this section, we attempt to construct a special DEA model that will evaluate the efficiency of DMUs based on 80/20 rule. Consider the following formulation: 
Consequently, model (4) can be converted as presented in model (6), below:
We now proceed to use a and b, respectively, to denote the percentages of inputs consumed and outputs produced by CBU, when the proportions of inputs and outputs of CBU are identical across DMUs. Intuitively, the frontier constructed by NCBUs is dominated by the one characterized by DMUs, and the frontier of DMUs is dominated in turn by the one characterized by CBUs. The productive technologies of CBU and NCBU will increase and decrease, respectively, as b increases.
As mentioned earlier, the PPS of the proposed model consists of those units determined by adding up virtual SDMU c and virtual SDMU nc . In order to maximize the productive technology, the output of SDMU c should account for a higher proportion of the overall output in order to benefit, as far as possible, from the higher production technology of SDMU c . This means that, in general, the efficiency of DMUo would decrease as the value of b is increased due to a positive shift in the production frontier. We treat this as a property in the rest of this section as we consider the case of multiple inputs and single output.
Assume, R denotes Extended DMU set (element of the set is identified as EDMU) and Q denotes Original DMU set. Then, EDMUo [ R is constructed by CBU t o and NCBU k o , which are the CBU of DMU t and the NCBU of DMU k , respectively. Note that the superscript of CBU or NCBU indicates its source, i.e., the DMU it belongs to. The subscript indicates its destination, i.e., the EDMU it goes to. Lemma 1. If EDMU o is efficient in R, then both DMU t and DMU k are efficient in Q.
Proof. Assume that DMU t or DMU k is inefficient in Q. Then, without loss of generality, we can assume that DMU t is inefficient and the benchmarking point for DMU t is 
ÞÞ. This contradicts the assumption that EDMU o is on the frontier. Hence, the proof.
A Property 2. The efficiency of DMUo will not increase as b rises in the multiple inputs and one output case, with the condition that the ratio of inputs and outputs associated with CBU in each DMU is identical ðb . aÞ.
Proof. Let a and b, respectively, denote the percentages of inputs and outputs of CBU in each DMU. But, according to Theorem 1, T ¼ T Ã . This suggests that PPS, by using reference units from extended set R, is equivalent to PPS constructed by adding up the PPS's of SDMU 1j and SDMU 2j . Thus, we can view the PPS of a parallel system equivalently from the perspective of the PPS of an extended DMU.
Suppose, EDMU o is on the frontier of R. From Lemma 1, both DMU t and DMU k are efficient in the original PPS. The inputs and outputs of DMU t and DMU k are denoted by ðX it ; Y t Þ and ðX ik ; Y k Þ, where i ¼ 1; . . . ; m indicates the dimension of inputs, whereas the dimension of output is unity. Therefore, the EDMU o can be denoted as ðX ik þ aðX it À X ik Þ;
Obviously, EDMU o is a convex combination of DMU t and DMU k when a ¼ b, which indicates that EDMU o belongs to the original PPS constructed by Q in this special case. Since 0 , a , 0:5 and 1 . b . 0:5, i.e., b . a, we can claim that
, which belongs to the original PPS. This contradicts the assumption, however, that EDMU o is on the frontier of R.
Subject to the above analysis, since DbðY t À Y k Þ ! 0, the frontier will not get worse as the value of b is increased . Thus, the efficiency of DMUo will not increase and the property is established. A
General model
In this section we proceed to explore the possibility of incorporating the Pareto principle into the estimation of production efficiencies of production units with parallel structure, where the inner production information is not known to DMUo. Suppose, a and b, respectively, represent the percentages of inputs and outputs of CBU in DMUo. According to the activities included in CBU and the experience of manager, the manager can assume that "b" percent of all outputs produced by DMUs comes from its CBU. In other words, the percentage remains constant as it is assumed to be determined mainly by the production activities included in CBU. Besides, the homogeneous assumption vis-a-vis DMUs justifies it. However, the precise percentage of inputs allocated to CBU in other DMUs is unknown to the manager of DMUo, as the production efficiencies vary across DMUs. We assume that, based on his experience, the manager can estimate the probability distribution of inputs consumed by CBU of other DMUs. As described previously, it can be assumed that the production information is characterized by Pareto principle. Suppose that the inputs of CBU X conform to the Pareto distribution function as follows:
where x m is the minimum of X, as x m x ul . Note, x ul is the maximum of overall inputs. Obviously, the inputs of CBU can't exceed the total resource allocation in each DMU. Thus, we can obtain the following truncated distribution:
Set t m ¼ x m =x ul , t ¼ x=x ul , where t denotes the percentage of the inputs of DMU j consumed by CBU in accordance with the following truncated Pareto distribution:
Here the parameters b and t m are set by the manager based on his experience. Let t j denote the percentage of inputs of DMU consumed by CBU. The inputs of NCBU are then given by ð1 À t j Þx ul and the general model is presented as follows:
where t j denotes the percentage of inputs consumed by CBU in DMU j . Note that the value of t j ð j = oÞ is unknown. For the sake of simplicity, the meanings of other notations are referred to the interpretation of model (4). What the decision maker (DM) knows is its distribution function. However, calculating the efficiency of DMUo by using traditional method is difficult. A possible solution can be obtained through parametric bootstrap. The parametric bootstrap method, also known as Monte Carlo, evaluates the mean value and the associated standard error of the sample efficiencies of DMUo. These statistics respectively represent the estimate of efficiency and the range of its reliability. The procedure is described as follows:
(1) N groups of random numbers fU j g N j¼1 are generated automatically, which are uniformly distributed in (0,1). Provided that there are n DMUs in total, the count of random numbers in each group is n À 1, as we suppose that the percentages of inputs and outputs of CBU in DMUo are known to the manager. (2) Compute M j ¼ t min þ U j ðt max À t min Þ; j ¼ 1; . . . ; N, where t max and t min are, respectively, the lower and upper bounds of t. Then, M j ; j ¼ 1; . . . ; N are uniformly distributed in ðt min ; t max Þ. The flow chart of Monte Carlo algorithm is presented in Figure 2 .
Further elaboration on the range of the percentage t of inputs of CBU in DMUo may be warranted. Suppose that the percentage of outputs of CBU in DMUo is 80%. Then it can be argued that the corresponding percentage t of inputs can't reach 1, because NCBU cannot produce 20% outputs of DMUo without using any inputs. Furthermore, the productivity of CBU, by definition, cannot be lower than that of NCBU. Hence, the upper bound of t cannot exceed 80%.
If the DMU manager can acquire more accurate information on the productivity of CBU and NCBU, then the upper bound of t may be further refined. Intuitively, a smaller range of t will lead to a smaller volatility of efficiencies obtained by simulation. We can expect the outcome to be more precise and reliable if the range of the percentage t is estimated with greater precision. It then stands to reason that, in addition to the values of parameters b and t m , the DM also needs to give the upper bound on t. Guided by the above reasoning, the truncated distribution of the percentage t in each DMU is adjusted as follows:
While the reliability of the Pareto distribution provided by DM is of significance, it is beneficial to verify whether this distribution is statistically acceptable. A plausible method is to use expert's opinion in the form of the lower and upper bounds of DMUo's efficiency. Based on this expert opinion, the efficiency interval is then compared with the sample efficiency interval derived from (10), above, by using the Monte Carlo method. It can then be drawn that the Pareto distribution is statistically acceptable if most of the sample efficiencies fall within the estimated range; otherwise, the distribution will be rejected, requiring the DM to modify the parameters until the distribution function passes the test.
ILLUSTRATIVE EXAMPLE
In this section, we use simulated data on convenience stores for illustration. Suppose there are 20 convenience stores in the area conducting identical business activities. The inputs of each store are defined below:
(1) Operating Expenses (X 1 ): annual operating expenses of the store in (thousand) dollars; (2) Salaries (X 2 ): average annual salaries of all employees in (thousand) dollar; (3) Full-time employees (X 3 ): number of full-time employees.
The outputs of each store are defined below:
(1) Profits (Y 1 ): annual profits of each store in (thousand) dollars; (2) Sales (Y 2 ): annual sales of each store in (thousand) dollars.
According to the framework outlined above, we divide the customer relationship management system of the convenience store into core consumer unit and non-core consumer unit. The simulated data of inputs and outputs are shown in Table 1 . It should be mentioned here that, due to limited experience, the parameters of the truncated distribution t m and b are assigned arbitrary values in this example.
Suppose that DMU 1 is the unit under consideration. The input values of DMU 1 are $299.136, $4691, and 397 employees, respectively accounting for Operating Expenses, Salaries, and Labor. The outputs of the unit are $2801 and $8276, respectively for Profits and Sales.
The efficiency of DMU 1 is calculated to be 1 by solving the BCC model, which suggests that DMU 1 is technically efficient. If the manager wishes to seek the evidence to support a higher production potential, Pareto principle can be applied. From model (4), the new efficiency of DMU 1 is calculated to be Figure 2 . The flow chart of Monte Carlo algorithm 0.9414, which suggests that, based on the 80/20 empirical assumption, the inputs can be reduced while keeping the current level of outputs. Now suppose that, according to his experience, manager's estimates of the parameters of the truncated distribution are b ¼ 1 and t m ¼ 0:1. The parameter t follows the probability distribution F, shown below, considered to be statistically correct for simplicity.
The truncated Pareto distribution of (12) is depicted in Figure 3 . This diagram illustrates that the slope of the curve is monotonically decreasing with a meaning of low probability with respect to high t value. The probability exceeds 50% when the value of t is located in the range [0.1, 0.2]. If the range of t is broaden to [0.1, 0.3], the probability exceeds 70%. The radian of the curve of truncated Pareto distribution increases as b increases. Thus, a high b value will lead to a high cumulative probability ceteris paribus at any specific t.
After a rough estimation of the efficiency of DMUo, using 80/20 principle, we proceed to estimate the efficiency by applying the parametric bootstrap approach. Following the procedure outlined in section 3.3, 100 groups of random numbers are generated according to the distribution function F. Each group includes 19 random numbers. As mentioned earlier, the percentages of inputs and outputs of CBU in DMUo are known. Therefore, 100 sample efficiencies of DMUo can be obtained by using model (10). The sample efficiencies and their mean are depicted in Figure 4 .
A sample description about the characteristics of sample efficiencies of DMUo is shown in Figure 5 as histogram. It indicates that the minimum efficiency is 0.7414, while the maximum can reach 1. The mean efficiency is 0.8944. Among all samples, it can be observed, 21 achieve an efficiency score of 1, and 56 fall below the mean. The standard error of the sample mean efficiency of DMUo is 0.0748, showing high reliability.
Similarly, we calculate the efficiencies of all the DMUs by applying the two proposed methods (model (4) and model (10)) and the traditional BCC model. The results are shown in Table 2 . A comparison of the evaluation results, calculated by different models, shows that the mean efficiency obtained by model (10) through parametric bootstrap method is not only not greater than the one obtained by BCC model (u BCC ), it is also not greater than the one delivered by the Pareto principle (u 80=20 ). That is to say, u BCC ! u 80=20 ! u MC holds. This reveals that the proposed method is able to find evidence to ESTIMATING RELATIVE EFFICIENCY OF DMU support higher production potential of DMU under evaluation by considering the internal information of DMUo as well as manager's inference to other DMUs with similar production technologies. In addition, the efficiencies of DMU 2, 3 and 5 all equal one, which reveals that these DMUs significantly dominate the others. Given the efficiencies of DMU 11, 16 or 18, it is shown that u MC ¼ 1 does not necessarily follows if
It is beneficial to emphasize that the proposed method is a network approach. Therefore, it helps to alleviate the insufficiency of "black box" approaches, such as BCC model, for generating too many units with rating of 1. Furthermore, it helps to find the inefficiency source within the "black box" which is beyond the functionality of traditional DEA approach. We report the performance targets for CBU and NCBU of DMU 1 in Table 3 . The data under the heading CBU Ã and NCBU Ã denote the performance targets, and the column 2 and 4 (CBU, NCBU) report the real data. Note that the performance targets associated with u MC ¼ 0:8944 are the average of 100 samples' projections, and the real data are the observational data of DMU 1 , which are assumed to be known by the local managers. There's no doubt that the performance targets reflect the inefficiency source within a DMU and provide an improved direction which can aid the decision makers to make decisions.
Sensitivity analysis
To further show how the selection of the parameters b and b can influence the result of Model (10), sensitivity analyses with respect to b and b are performed. It should be noted that the same sample of t values is used when the analyses associated with b are reported . This allows holding the effect due to t constant. The value of b is moved from 0.6 to 0.9 with a step size of 0.01. The mean efficiency and standard error corresponding to Table 4 . Similarly, the value of b is varied from 0.5 to 1.5 with a step size of 0.05. The corresponding mean efficiency and standard error are reported in Table 5 . Figure 6 and Figure 7 are set forth, respectively, to demonstrate the trends of mean efficiency and standard error with respect to changes in b and b.
The left section of Figure 6 demonstrates that the sample mean efficiency monotonously decreases as the value of b increases. An inflection point can be found around b ¼ 0:85. Note that the value of mean efficiency has the largest variation around the inflection point. In the right section of Figure 6 the value of standard error first increases and then decreases as b increases. Jointly with the curve of mean efficiency and standard error, we can comprehend the variation rule of all sample efficiencies of DMUo along with the update of b more intelligently.
Objectively, given a specific sample t, the value of parameter b indicates the difference in productive efficiency between CBU and NCBU. According to Figure 7 , the higher the efficiency difference between CBU and NCBU, the lower the efficiency of DMUo. The Figure 7 also illustrates that the mean efficiency and standard error of DMUo decrease almost linearly as the value of b increases, which indicates that a higher b value not only improves the estimation accuracy it also decreases the estimated efficiency of DMUo.
As mentioned previously, a high b can result in a low possibility of obtaining high sample t values. Similarly, the value of parameter t also indicates the difference between CBU and NCBU in terms of productive efficiency when the value of b is fixed. Consequently, the curve in Figure 7 indicates that the mean efficiency of DMUo decreases with the value of t. The changes in mean efficiency illustrated in Figures 6 and 7 are noticeably consistent in the sense that both are sensitive to the percentages of inputs or outputs of CBU in a DMU. The results of sensitivity analysis show that a DM can lower the estimated efficiency of DMUo by improving the value of either b or b, whilst he can reduce the standard error of sample mean efficiency through enhancing the value of b. This provides useful guidelines to DM for action when modifications to parameters are needed.
To close this section, we briefly discuss the practicality of our approach. The Pareto principle, as the foundation for estimating the inner data of DMUs, plays an important role in the formulations of the models. As mentioned earlier, the principle has been found workable in many other scenarios and has earned credibility. Therefore, there can be potential areas for application purposes. From the beginning, we construct the models in terms of convenience stores. We have tried to use the real world data in the example.
However, we didn't find the suitable data with a pity. The major purpose of the example is to demonstrate the entire application process. Finally, we would like to point out that the standard error of the efficiencies generating by our approach is really low, this provides evidence to support the reliability of the approach.
CONCLUSIONS
DEA is a widely practiced approach in efficiency evaluation, especially in the not-for-profit sector of the economy. The traditional DEA models treat DMUs under evaluation as "black box" and don't make a full use of the inner production information of a DMU. A Parallel DEA model, on the other hand, takes into account the inner mechanism of DMU with parallel structure. The inner data, however, are often hard to obtain in practice, which creates a bottleneck in the application of such models.
To overcome the insufficiency associated with the "black box" approach and the bottleneck caused by the missing inner data in parallel DEA's application, this paper presents some DEA based models. The proposed procedure groups the production activities within a DMU into two units, referred to as CBU and NCBU, and estimates CBU's inner input data by using an empirical Pareto distribution. These models utilize the input and output data of "black box" approach and the empirical input of managers based on their experiences to extract more production information. Relying on this information, DEA models can be formulated to estimate the production potential and to provide theoretical support to managers for resource allocation and target setting.
The Monte Carlo method is used in this paper for solving the proposed models. Sensitivity analysis is performed with respect to the parameter b, as well as the percentage of outputs of CBU in DMUs. The results indicate that a decision maker can control the outcome of a model by adjusting the parameters that comply with the efficiency interval supplied by the experts.
It's helpful to explore other ways to estimate the efficiency of DMU more accurately and reliably when the internal information of DMUs is partially unknown. The method discussed in this study outlines a preliminary approach to handling such a problem, even though it's suitable only when a fraction of CBU in DMUs conforms to a known Pareto distribution. Further research to extend the current work may follow two different tracks: one is to expand these models to adequately account for DMU with outputs obeying some other known statistical distributions; and the other is to develop a methodology to deal effectively with the problem that exists in the general Network DEA models. 
Note thatT E ;T are PPS's without assuming inefficient postulate.
Lemma 2.T E ¼T Proof.
(1)T E #T Let DMU j be some DMU in R, and ðx 1j ; . . . ; x mj ; y 1j ; . . . ; y rj Þ be its input-output bundle. Suppose it is made of SDMU 1k , and SDMU 2m , where k; m [ f1; . . . ; ng. Obviously, ðx 1j ; . . . ; x mj ; y 1j ; . . . ; y rj Þ [T, since it can be decomposed into input-output bundle of SDMU 1k , and that of SDMU 2m . Putting it differently, if we set multiplier corresponding to SDMU 1k and SDMU 2m to 1 and other multipliers to zeros, we can see that ðx 1j ; . . . ; x mj ; y 1j ; . . . ; y rj Þ satisfies the condition to be an element ofT. ThereforeT E #T holds.
(2)T E $T For any ðX; YÞ [T, there exist two set of convex multipliers ðl . . . ; sÞ. To establish this part, it suffices to show that there always exists a convex multiplier P n 2 j¼1 l j ¼ 1; l j ! 0, such that x i ¼ P n 2 j¼1 l j x ij ; y r ¼ P n 2 j¼1 l j y rj , where ðx 1j ; . . . ; x mj ; y 1j ; . . . ; y rj Þ is the input-output bundle of DMU j in R. In other words, there is a convex multiplier such that the following equations hold: 
